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Abstract
We consider BTZ black holes and flat space cosmologies in generic higher derivative
gravity theories in 2+1 dimensions. Our goal is to prove the match between the bulk
Iyer-Wald entropy and the field theory entropy for various symmetry algebras (CFT2,
Warped CFT2, BMS3). We also discuss phase transitions in higher curvature theories,
and argue that, in the flat case, there is strictly speaking no phase transition in the
grand canonical ensemble.
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1
1 Introduction
In a 2D conformal field theory (CFT), the Cardy formula counts the asymptotic density of
states [1]. Strominger [2], building on Brown-Henneaux’s seminal work [3] relating asymp-
totically AdS3 spacetimes to a 2D CFT, has shown it exactly accounted for BTZ black holes
entropy [4, 5]. This result constitutes one of the milestones of the close relationship between
AdS gravity and conformal field theories [6].
In the spirit of a UV complete theory of gravity, higher curvature terms are expected to
appear as corrections to its low energy limit, general relativity. Therefore, it is interesting
to get to know if the entropy matching still holds for such theories. First, Saida and Soda
[7] have proven that the matching is preserved in any theory of gravity without derivative of
the Riemann tensor in the Lagrangian. They performed a frame transformation by defining
a new metric bringing the original higher curvature frame into an Einstein frame - the new
metric obeys to the Einstein-Hilbert action - and auxiliary fields, which do not contribute
to the gravitational entropy. The new metric is always proportional to the BTZ metric.
Consequently, all charges are just multiplied by that proportionality constant. Later, Kraus
and Larsen [8] have shown that the matching occurs in any theory of gravity for solutions
with a near horizon AdS3 × X geometry. Their derivation uses the special asymptotic
behaviour of AdS spacetimes for Brown-Henneaux boundary conditions. This method is
not directly transposable to others cases of interest, in particular the boundary conditions
introduced in [9, 10].
One particular term in 3D gravity is the Chern-Simons term, bringing a gravitational
anomaly. For BTZ black holes, its effect has already been studied in [11, 12, 13, 14, 15] and
therefore, it will not be considered in this work.
In this paper, we first recover the results of [7, 8], i.e. the matching between the sta-
tistical and gravitational entropy and the expressions of charges for BTZ black holes with
Brown-Henneaux boundary conditions [3], using another method: the covariant phase space
formalism. We are inspired by [16] where the authors studied the entropy matching for 4D
extremal Kerr black holes. We use this formalism throughout this paper.
Secondly, we consider BTZ black holes equipped with the recently new boundary con-
ditions found by Compe`re, Song and Strominger [9]. The asymptotic symmetry group is
generated by a U(1) Kac-Moody-Virasoro algebra, suggesting a description in terms of a
warped conformal field theory [17]. There, the counting of the asymptotic density of states
can be made using an analog of the Cardy formula, called the warped Cardy formula.
Nevertheless, its form depends of the considered ensemble, closely related to the choice of
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coordinates. Here, we consider the coordinates of [9] referring to the quadratic ensemble
(see section 4 and 5.3 of [17]) where the warped Cardy formula takes the form of a Cardy
formula. In this paper, we show that the gravitational entropy of BTZ can be reproduced
by a warped Cardy formula for any gravity theory.
Another interesting class of spacetimes in three dimensions are the flat space cosmologies
[18]. These are locally flat, their asymptotic symmetry group is given by BMS3 [10], and can
be obtained as a certain limit of BTZ black holes [18, 19]. Their entropy is also reproduced
by the Cardy-like formula for BMS3 [20, 21]. In this paper, we derive the charges in any
diffeomorphism invariant theories and also prove the entropy matching.
Finally, we consider phase transitions. In the case of AdS3 geometries, it was shown
that a phase transition occurs between the thermal AdS3 spacetime and the BTZ black
hole (see [22, 23, 24] and references therein). We show that the higher curvature corrections
do not modify the phase diagram. For flat space cosmologies, it was argued in [25] that
there exists also a phase transition between them and the hot flat spaces in the grand
canonical ensemble. Nevertheless, their analysis of local thermodynamic stability needs to
be refined and leads to the conclusion that these spacetimes are not locally stable in the
grand canonical ensemble for any theories without gravitational anomalies. The study of
phase transition at thermodynamic equilibrium requires the comparison between minima
of free energies. Therefore, in that context, we exclude the possibility of a phase transition.
We also analyse the local stability in the particular cases of topologically massive gravity
(TMG) [26, 27] and flat chiral gravity [28], where only the Chern-Simons term subsists in
the Lagrangian. Only the latter seems to allow locally stable flat space cosmologies and
exhibits a phase transition. But a careful analysis of the consequence of the enhancement
of symmetries in flat chiral gravity forbids us to consider the thermodynamics of these
solutions and thus the phase transition.
The plan of the paper is the following: in section 2, we define the quantities needed
to compute charges. Then, in section 3, we consider the BTZ black holes. Using the
symmetries, we compute the charges and show the entropy matching. After, we study the
Hawking-Page transition and present examples of theories where we apply that formalism.
In the section 4, we prove the entropy matching for the flat space cosmologies and discuss
the phase transition. Finally we conclude.
Note that throughout this paper, we set Newton’s constant to one.
3
2 Method and definitions
In this section, we explicit the expressions of the charges in the covariant phase space
formalism without any details. We closely follow [16]. The most general Lagrangian can be
written as [29]
L = ?f(gab, Rabcd,∇e1Rabcd,∇(e1∇e2)Rabcd, ...,∇(e1 ...∇en)Rabcd) , (1)
or equivalently in terms of auxiliary fields
L = ? f(gab,Rabcd,Rabcd|e1 , ...,Rabcd|e1...ek) + Z
abcd(Rabcd − Rabcd) (2)
Zabcd|e1(∇e1Rabcd − Rabcd|e1) + ...+ Zabcd|e1...ek(∇(ekRabcd|e1...ek−1) − Rabcd|e1...ek) . (3)
The auxiliary fields Zabcd|e1...es , Rabcd|e1...es for 1 ≤ s ≤ k are totally symmetric in the indices
ei and the symmetrization in ∇(esRabcd|e1...es−1) is only among the ei’s. The equations of
motion for Rabcd|e1...es and Zabcd|e1...es are
Rabcd|e1...es = ∇(esRabcd|e1...es−1) (4)
Zabcd|e1...es =
∂f
∂Rabcd|e1...es
−∇es+1Zabcd|e1...es+1 (5)
where there is no covariant derivative for s = 0 or k. They can be solved iteratively
Rabcd|e1...es = ∇(e1 ...∇es)Rabcd (6)
Zabcd =
δcov
δcovRabcd
f(gab, Rabcd,∇e1Rabcd, ...) , (7)
with
δcov
δcovRabcd
=
∑
i=0
(−1)i∇(e1 · · · ∇ei)
∂
∂∇(e1 · · · ∇ei)Rabcd
. (8)
The auxiliary field Zabcd allows us to write easily the relevant quantities to compute the
charges. In 3D, the Noether charge for a Killing vector ξ is [16]
Qξ =
((
−Zabcd∇cξd − 2ξc∇dZabcd
)
+ ξkA
kab
)
abcdx
c , (9)
with
Akab =− 2(Zklcd|e1...es−1aRblcd|e1...es−1 + Zalcd|e1...es−1bRklcd|e1...es−1 + Zalcd|e1...es−1kRblcd|e1...es−1
+
s− 1
2
Z lmcd|e1...es−2kaR blmcd| e1...es−2) , (10)
while the boundary term in the variation of the action is [16]
Θ =
1
2
(−2
(
Zabcd∇dδgbc − (∇dZabcdδgbc
)
+ δgijB
ija − Zalcd|e1...es−1kδRjkbcd|e1...es−1))abcdx
b ∧ dxc (11)
4
with
Bija =2(Zibcd|e1...es−1a + Zabcd|e1...es−1i)Rjbcd|e1...es−1 − 2Z
ibcd|e1...es−1jRabcd|e1...es−1
+ (s− 1)(Zkbcd|e1...es−2iaRjkbcd|e1...es−2i −
1
2
Zkbcd|e1...es−2ijR akbcd| e1...es−2i) . (12)
The Iyer-Wald-entropy [29] formula in 3D is
SWald = −2pi
∫
horizon
dAZαβµναβµν (13)
where µν is the binormal at horizon and dA the infinitesimal area element.
We are interested in computing the charges associated to the exact Killing vectors ∂t
and ∂φ. Their expressions are [30]
δL0 ≡ −
∫
∞
δQ∂φ , (14)
δP0 ≡
∫
∞
δQ∂t +
∫
∞
i∂tΘ , (15)
where the integral is taken on the circle at spatial infinity (t, r =cst) and δ is the derivation
with respect to the parameters of the solution. There is no term with i∂φΘ in δL0 because
∂φ is tangent to this circle.
The asymptotic symmetries we are interested in are of three kinds:
• two Virasoros for BTZ with Brown-Henneaux [3] boundary conditions
i[Lm, Ln] = (m− n)Lm+n + c
12
(m3 −m)δm+n,0
i[L¯m, L¯n] = (m− n)L¯m+n + c¯
12
(m3 −m)δm+n,0
i[Lm, L¯n] = 0 , (16)
• V ir n u(1) algebra for BTZ with Compe`re-Song-Strominger [9] boundary conditions,
here written in the quadratic ensemble [17]
i[L˜m, L˜n] = (m− n)L˜m+n + c
12
(m3 −m)δm+n,0
i[L˜m, P˜n] = −nP˜m+n + nP˜0δn+m
i[P˜m, P˜n] = −2mP˜0δm+n , (17)
• BMS3 [10] for flat space cosmologies
i[Lm, Ln] = (m− n)Ln+m + cLLm(m2 − 1)δm,−n
i[Lm,Mn] = (m− n)Mn+m + cLM m(m2 − 1)δm,−n
i[Mm,Mn] = 0 . (18)
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The central extension of the algebra satisfied by the charges associated to the symmetry
generators χ, ξ is given through the conserved n − 2-form k (see [31, 32] and references
therein) ∫
Σ
kχ[δξΦ,Φ] (19)
where Φ are the fields of the theory and Σ is a Cauchy surface. In the case of gravity, we
have δξΦ = £ξΦ and k can be written as [33, 30, 29] (for more details see [16, 34])∫
Σ
kχ[£ξΦ; Φ] =
∫
Σ
(δξQχ(Φ) + iχΘ(£ξΦ,Φ)) . (20)
In the literature, another definition for the n−2-form is made by Barnich-Brandt-Compe`re
[31, 32]. Those two differ by the so-called E−term [16]
E[£ξ1g;£ξ2g] =
1
2
(
−3
2
Zabcd£ξ1g
e
c ∧£ξ2ged + 2Zacde£ξ1gcd ∧£ξ2gbe
)
abcdx
c . (21)
It turns out that in the considered cases, this term always vanishes and so the two definitions
are equivalent.
3 BTZ Black Holes
3.1 Symmetries
BTZ black holes are locally AdS3. The latter is a maximally symmetric space. One main
property of these spacetimes is that all tensors made out of the curvature and its covariant
derivatives, like Rµν ,∇µRνρ, ... can be expressed in terms of the metric tensor. For example,
Rµν = − 2
`2
gµν (22)
where ` is the AdS radius. Note that there is no way to construct a 3-tensor just from
products of the metric.
Another consequence of the symmetries is that the left hand side of the equations of
motion Eµν evaluated on BTZ black holes, can always be rewritten as a constant times the
metric
Eµν = K(λi, `) gµν (23)
where K is a linear function of the coupling constants of the theory λi as well as ` (but
not on the parameters of the black holes). Solving the equations of motion imposes the
constant K to be zero which is in general solvable.
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3.2 Charges and Entropy
Now, we can easily write the general form of the key field for the charges computation (7):
Zabcd =
α
32pi
(gacgbd − gadgbc). (24)
Indeed, as it depends only on curvature invariants, it can be written in terms of the metric
and has the symmetries of the Riemann as it should. The constant α is a constant depending
on ` and the coupling constants of the theory 1. Therefore, the Iyer-Wald entropy (13) is
proportional to the Bekenstein-Hawking entropy
SIW =
pi
2
α r+ = αS
BH (25)
where r+ is the outer horizon of BTZ.
Moreover, the 3-tensors A and B in (9) and (11) vanish. The last term in (11) can
easily be shown to be zero as well (it is the variation of products of the metric, so it can
be rewritten as a 3-tensor times δgµν). Thus, the expressions of the Noether charge (9)
and the boundary term (11) are linear functions of the Zabcd field. In addition, the higher
derivatives of the Riemann in the Lagrangian do not have an effect on charges for BTZ
black holes. Indeed, the terms of the sum with i > 0 in (7) are always zero for the charges
computation since they are the covariant derivatives of terms proportional to the metric.
Also, the higher derivatives might be present in the i = 0 term as factor but will not
contribute as they vanish on-shell.
Therefore, the exact charges (14) and (15) are proportional to their expressions in general
relativity. All the information about the particular theory is encoded only through the
proportionality constant α and there is no contribution from higher derivative terms of the
Lagrangian, in the sense that they do not modify α.
Now, we compute the central charges. For that, we need to specify the boundary
conditions. Starting from the Brown-Henneaux boundary conditions [3], we compute the
central charges arising in the asymptotic symmetry group, generated by two copies of the
Virasoro algebra. We use the following BTZ metric [5]
ds2 = − `
2r2dr2
−16J2`2 + 8l2Mr2 − r4 +
(
8`2M − r2) dt2
`2
+ 8Jdt dφ+ r2dφ2 , (26)
where J ≤ `M and φ ∼ φ + 2pi. The conserved charges Ln associated to the asymptotic
Killing vectors
ln =
(
`
2
ein(
t
l
+φ) +O
(
r−2
))
∂t+
(
1
2
iein(
t
l
+φ)nr +O
(
r−1
))
∂r+
(
1
2
ein(
t
l
+φ) +O
(
r−2
))
∂φ
(27)
1The normalization is chosen for later convenience.
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satisfy one Virasoro of the algebra (16) 2. As the Noether charge (9) and the boundary
term (11) are linear functions of Zabcd, the central charge given by (20) is just proportional
to the general relativity case
c = α
(
3`
2
)
. (28)
As argued before, the exact charges are as well multiplied by the constant α
MHC = αM , JHC = αJ . (29)
The dual theory is a CFT. The counting of the asymptotic density of states is given by the
Cardy formula
SCFT = 2pi
√
c
6
L0 + 2pi
√
c
6
L¯0 , (30)
with L0 =
`MHC+JHC
2 and L¯0 =
`MHC−JHC
2 . So,
SCFT =
pi
2
α r+ , (31)
which is exactly the Iyer-Wald entropy. We therefore have recovered the results of [7, 8].
We continue with the Compe`re-Song-Strominger boundary conditions [9]. We first
rewrite the BTZ metric as [9]:
ds2 =
`2dr2
r2
+ 2`(J + `M)dt2− +
(4J2 − 4`2M2 − `2r4)dt−dt+
r2
− 2`(J − `M)dt2+ , (32)
In these coordinates, the asymptotic Killing vectors are
ln = e
int+∂t+ +
r
2
ineint+∂r , tn = e
int+∂t− (33)
and their associated conserved charges L˜n, P˜n satisfy the algebra (17), i.e. a U(1) Kac-
Moody-Virasoro algebra in the quadratic ensemble [17]. As argued before, the charges are
proportional to their value in general relativity [9]
c = α
(
3`
2
)
, P˜0 = α
(
(J + `M)
2
)
, L˜0 = α
(
(−J + `M)
2
)
. (34)
In that particular ensemble, the warped Cardy formula takes the form [17]
SWCFT = 4pi
√
−P˜ vac0 P˜0 + 4pi
√
−L˜vac0 L˜0 (35)
where vac refers to the charges of the vacuum. Here, global AdS3 is the vacuum whose
charges are M = −1/8 and J = 0. So, we get
SWCFT =
pi
2
α r+ . (36)
Therefore, the gravitational entropy is also reproduced by the warped Cardy formula.
2Since there is no gravitational anomaly, the two central charges are equal and we only need to consider
one of the Virasoro’s .
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3.3 Phase transition
In this section, we consider the generalization of the Hawking-Page transition in the grand
canonical ensemble for any theory of gravity where BTZ is a solution. The exact charges
are proportional to the general relativity case but the thermodynamic potentials, the tem-
perature T and the angular velocity Ω remain unchanged because their derivation relies
only on the metric. Thus, the Gibbs free energy is given by
GHC(T,Ω) = α
( −`2pi2T 2
2 (1− `2Ω2)
)
. (37)
First, we study the local stability of that phase. In the grand canonical ensemble, the
stability condition is the requirement for a system to have a negative semi-definite Hessian
of its free energy G(T,Ω), given by
H =
 ∂2G∂T 2 ∂2G∂T∂Ω
∂2G
∂Ω∂T
∂2G
∂Ω2
 = α
 − pi2`21−`2Ω2 − 2`4pi2TΩ(1−`2Ω2)2
− 2`4pi2TΩ
(1−`2Ω2)2 − `
4pi2T 2(1+3`2Ω2)
(1−`2Ω2)3
 . (38)
This implies only the following constraint on the coupling constants of the theory
α > 0 . (39)
Secondly, we consider the global stability. In the classical limit, the dominant phase is
the most probable, i.e. the one that dominates the partition function among the saddle
points. Here the two known phases are the black hole and the vacuum AdS3. So, we
compare their free energies through their difference
∆G = α
(
−1
8
+
`2 pi2T 2
2 (1− `2Ω2)
)
. (40)
If ∆G < 0, AdS3 dominates and for the opposite sign, BTZ dominates. The constant α
factorizes out 3. It implies that the phase diagram doesn’t depend on which theory we look
at and it is the same as in general relativity.
3We consider α > 0 because the study of the global stability at thermodynamic equilibrium requires to
compare locally stable phase.
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3.4 A working example: L = aR− Λ + bR2 + cRabRab + dR3
We explicit the constant α of an example for which particular cases are general relativity
and New Massive Gravity [35]. The auxiliary field Zabcd is
Zabcd =
δL
δRabcd
= (a+ 2bR+ 3dR2)
δR
δRabcd
+ 2cRef
δRef
δRabcd
=
1
2
(a+ 2bR+ 3dR2)
(
gbdgac − gadgbc
)
+
1
2
c
(
gbdRac − gadRbc − gbcRad + gacRbd
)
.
(41)
The BTZ solution has R = − 6
`2
and Rab = − 2`2 gab. So we get
Zabcd =
α
32pi
(
gbdgac − gadgbc
)
, with α = 16pi
(
a− 12
`2
b+
108
`4
d− 4
`2
c
)
. (42)
Examples:
1. The Lagrangian of general relativity is 116piR. So the constant in Z
abcd field is
α = 1 . (43)
2. New Massive Gravity is obtained by taking a = 116pi ,b =
−3
16pi8m2
, c = 1
16pim2
and d = 0
[35], so
α =
(
1 +
1
2`2m2
)
. (44)
4 Flat Space Cosmologies
4.1 Charges and Entropy
Now we turn to the case of flat space cosmologies (see [19, 18] and references therein)
ds2 = −2drdu+ 8Mdu2 + 8Jdudφ+ r2dφ2 (45)
with M > 0 and J 6= 0. The cosmological horizon is located in rc =
√
2J2/M . The
asymptotic Killing vectors associated to the boundary conditions described in [10] are
ln = e
inφinu∂u − inr∂r
(
1 + n2
u
r
)
∂φ , mn = ie
inφ∂u . (46)
The associated charges Ln,Mn satisfy the BMS3 algebra (18).
We show that the charges are always the same regardless of the theory. Indeed, in these
solutions, R = Rµν = 0 and covariant derivatives of the Ricci all vanish, fixing completely
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Zabcd (7). Its term i = 0 takes the derivatives with respect to the Ricci tensors. To have
a non zero contribution, we need at least and at most one Ricci tensor, because if it is
multiplied by any ingredient of the Lagrangian apart from the metric, it will no contribute
on-shell. The terms i > 0 are always zero by the same argument as for BTZ. So in general,
the Zabcd field is of the form
Zabcd =
1
32pi
(
gbdgac − gadgbc
)
. (47)
For example, if we take the Lagrangian of Sect. 3.4, the steps are identical to BTZ until
the Eq. (41). On-shell, only the term proportional to a survives. It is the constant of the
Einstein-Hilbert term which is usually taken to be 1/(16pi). 4
Therefore, the Iyer-Wald entropy is just the general relativity expression, namely
SIW =
pi
2
rc . (48)
Furthermore, the corrections tensors A (10) and B (12) are proportional to Rabcd|e1...es (6)
which is always zero on-shell. Thus, we recover the general relativity result [19]
Q∂u = M , Q∂φ = J (49)
cLL = 0 , cLM =
1
4
. (50)
This result is consistent with the argument following from dimensional analysis. The sym-
metries of these spacetimes imply that the charges in any higher curvature theory are
proportional to their value in general relativity. The proportionality constant is only a
linear combination of the coupling constants of the theory whose the coefficients are pure
numbers as locally flat spacetimes do not have an intrinsic length. Moreover, this com-
bination should be consistent with dimensional analysis. Thus, the only allowed term is
the Einstein-Hilbert term and in the case of theory with diffeomorphism anomaly, also the
Chern-Simons term.
One consequence of the non renormalization of the charges is that the results about
charges of [20, 21] hold in any higher curvature theories. For example, their entropy is
reproduced by the Cardy-like formula for BMS3 [20, 21].
4.2 Phase transition
In [25], a phase transition between flat spaces cosmologies and hot flat spaces is exhibited.
Nevertheless, our local stability analysis differs from theirs and modifies the conclusion.
4If we consider a theory with neither an Einstein-Hilbert or Chern-Simons term having flat spaces cos-
mologies as solutions, their charges will be zero.
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We consider the flat space cosmologies written for convenience in the following form
ds2 = R2+dt
2 − 2R+r0dtdφ− 1
R2+(1− r20/r2)
dr2 + r2dφ2 . (51)
The temperature and angular velocity are [25]
T =
R2+
2pir0
, Ω =
R+
r0
. (52)
We directly consider the case of TMG [26, 27]
S =
1
16pi
∫
d3x
√−g(R− 2Λ) + 1
16pi
1
2µ
∫
d3x
√−gλµνΓρλσ
(
∂µΓ
σ
ρν +
2
3
ΓσµτΓ
τ
νρ
)
(53)
with µ the Chern-Simons coupling taken positive without loss of generality. The conserved
charges associated with ∂t and ∂φ are [25]
M =
R2+
8
, J = −R+r0
4
+
R2+
8µ
, (54)
while the entropy is [25]
S =
pir0
2
− piR+
2µ
. (55)
To study the thermodynamic stability, we need to consider the Gibbs free energy G who
can be derived by integrating the first law dM = −TdS−Ω dJ [25], or through the on-shell
action procedure [36],
G = M + TS + ΩJ (56)
leading to 5
GFSC(T,Ω) =
pi2T 2
2Ω2
(
1− Ω
µ
)
. (57)
In the grand canonical ensemble, it is not sufficient to study only the specific heat to
determine the local stability as was done in [25]. Instead, the complete requirement is that
the Gibbs free energy should be a concave function of the temperature and the angular
velocity. In other words, its Hessian H should be negative semi-definite which is never the
case here 6 . Indeed, it is given by
H =
 ∂2G∂T 2 ∂2G∂T∂Ω
∂2G
∂Ω∂T
∂2G
∂Ω2
 =
 pi2
(
1−Ω
µ
)
Ω2
−pi2T (2µ−Ω)
µΩ3
−pi2T (2µ−Ω)
µΩ3
pi2T 2(3µ−Ω)
µΩ4
 . (58)
5The free energy has an opposite sign with respect to [25], because here it is expressed in terms of
Lorentzian variables.
6It is well known that the flat cosmologies can be obtained as the flat limit of BTZ black holes. Neverthe-
less, the flat limit of the condition (39) obtained for BTZ does not give to the one for flat space cosmologies.
Indeed, it is a consequence of the local stability condition in where α and the derivatives of the free energy
take place. Therefore, we should take the limit of all these ingredients and after discuss. This procedure
leads to the result presented in this section.
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The determinant of H is −pi4T 2
Ω6
. It is negative and the two eigenvalues values are non zero
(expect in the limit µ→ 0 which will be considered below). It implies that the eigenvalues
have not the same sign and so the matrix can not be negative semi-definite. So the flat
spaces cosmologies are not metastable states and therefore the phase transition can not be
studied in the frame of the physics of thermodynamic equilibrium. The extensions for non
equilibrium phenomena are far beyond the scope of this paper. It is also the case of pure
general relativity (µ→∞) and therefore in any diffeomorphism invariant theories.
Only in the particular case of flat chiral gravity [28], where only the Chern-Simons
remains, it turns out that the Hessian is negative semi-definite for positive angular velocities
Ω > 0 . (59)
If we naively pursuit the analysis, we will conclude that the flat space cosmologies are locally
stable and therefore we will consider the global stability However, the limit µ → 0 leads
to a theory with an enhancement of symmetry. Indeed, the action is a pure Chern-Simons
term who is conformally invariant. Rewritting the flat space cosmologies (51) as
ds2 = r20
(
R2+dt
2 − 2R+dtdφ− 1
R2+(1− 1/r2)
dr2 + r2dφ2
)
, (60)
it is obvious that the value of r0 can always be modified by a conformal transformation.
Therefore we can not make sense of the thermodynamics of the flat space cosmologies in
flat chiral gravity and obviously it is meaningless to talk about phase transition in that
context.
In conclusion, we exclude the possibility of a phase transition between flat spaces cos-
mologies and hot flat spaces for any theory of gravity, with or without gravitational anoma-
lies, including in the analysis the singular point µ→ 0.
5 Conclusion
In this paper, we have analysed in detail the corrections due to higher derivative terms
in the action and have shown that they never contribute to the renormalization of the
charges. Also, we have proved that the Iyer-Wald entropy of BTZ black holes, equipped with
the Compe`re-Song-Strominger boundary conditions, is reproduced by the warped Cardy
formula. As a direct consequence of the charge renormalization of BTZ black holes, the same
Hawking-Page transition occurs as in general relativity since the constant of proportionality
factorizes out. Nevertheless, the thermodynamic local stability of BTZ black holes imposes
an additional constraint on the coupling constants of the theory.
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In addition, we have proved that the charges of flat space cosmologies are never modified
in any diffeomorphism invariant theory. Therefore, the properties of the charges derived
in general relativity in [20, 21], for example the match between the bulk and boundary
entropies, holds in general. We have also discussed the phase transition between flat space
cosmologies and hot flat spaces where we found a few discrepancies with the work of [25].
We have argued that the local stability requirement excludes the possibility of a phase
transition at thermodynamic equilibrium, except potentially in the case of flat chiral gravity.
However, we have pointed out that the thermodynamics of flat space cosmologies can not
be considered in flat chiral gravity because of its property of conformal invariance.
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